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Abstract
We present a number of D = 4 bosonic and heterotic string solutions with a covariantly
constant null Killing vector which, like the solution of Nappi and Witten (NW), correspond
to (gauged) WZW models and thus have a direct conformal field theory interpretation. A
class of exact plane wave solutions (which includes the NW solution) is constructed by
‘boosting’ the twisted products of two D = 2 ‘cosmological’ or ‘black-hole’ cosets related
to (G ⊗G′)/(H ⊗H ′) (G,G′ = SL(2, IR) or SU(2); H,H ′ = SO(1, 1) or SO(2)) gauged
WZW models. We describe a general limiting procedure by which one can construct
new solutions with a covariantly constant null Killing vector starting with known string
backgrounds. By applying a non-abelian duality transformation to the NW model we find
a D = 4 solution which admits a covariantly constant null Killing vector but is not a
plane wave. Higher dimensional bosonic backgrounds with isometries can be interpreted
as lower dimensional backgrounds with extra gauge fields. Some of them are at the same
time solutions of the heterotic string theory. In particular, the NW model represents
also a D = 3 gravi-electromagnetic heterotic string plane wave. In addition to the (1,1)
supersymmetric embeddings of bosonic solutions we construct a number of non-trivial
(1,0) supersymmetric exact D = 4 heterotic string plane wave solutions some of which are
related (by a boost and analytic continuation) to limiting cases of D = 4 heterotic black
hole solutions.
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1. Introduction
In order to be able to study various issues (e.g. singularities) of gravitational physics in
string theory at least to first order in the string coupling expansion one needs exact (in α′)
classical solutions of string equations which admit an explicit conformal field theory (CFT)
interpretation. Knowing the corresponding CFT not only makes possible in principle to
determine the operator content and scattering amplitudes but is also crucial in order to
give an adequate ‘stringy’ space-time interpretation to a string solution which should go
beyond the naive picture of a background parametrised just by a set of ‘massless’ fields
(Gµν , Bµν ,Φ).
The only two classes of exact classical solutions which are known at present in bosonic
string theory are the plane-wave type backgrounds (more generally, backgrounds with
a covariantly constant null Killing vector and flat or ‘conformal’ transverse part, see,
e.g. [1][2][3][4][5][6][7]) and the backgrounds obtained from gauged WZW models (see e.g.
[8][9][10][11][12][13][14][15][16][17]). Only the latter class of solutions has a direct CFT
interpretation (in terms of coset G/H models [18][19]). It was recently understood [20]
that the two classes actually intersect. As a result, some representatives of the first class
can be given a CFT interpretation by identifying them with members of the second class
related to non-semi-simple groups [20][21][22][23][24][25].1
A subclass of backgrounds with a covariantly constant null Killing vector and flat
transverse part (plane wave backgrounds) can be described by the following σ-model action
(i, j = 1, 2, . . . , N)
S(u, v, x) =
1
πα′
∫
d2z [2∂u∂¯v + (gij + bij)(u) ∂x
i∂¯xj ]
− 1
8π
∫
d2z
√
γR(2)Φ(u) ,
(1.1)
1 The basic solution of [20] is the WZW action for the non-semi-simple group Ec2 – a central
extension of the Eucledian group in two dimensions [26][27]. Further studies of this model can
be found in [21][22][28]. Larger classes of WZW models based on non-semi-simple groups were
constructed in [23] using a contraction method and directly in [24]. The explicit form of the
action of these models can be found in [25] (see also [24]). A class of coset models obtained by a
particular gauging of the general model of [23] and equivalent to non-abelian duals [29] of WZW
actions was found in [25].
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where the functions gij , bij,Φ are subject to the equation [28]
gij g¨ij − 1
2
gijgmng˙img˙jn +
1
2
gijgmnb˙imb˙jn + 2Φ¨ = 0 , (1.2)
which expresses the condition of conformal invariance of (1.1) to all orders in α′.2
Since one is ultimately interested in four dimensional solutions it is important to find
which of the exact D = N + 2 = 4 backgrounds (1.1),(1.2) (in addition to the already
known D = 4 model of [20]) admit direct CFT interpretation in terms of G/H cosets.3
This is one of the aims of the present paper.
The idea we shall use is the following (see also [22]). We shall start with the known
D = 4 solutions corresponding to gauged WZW models and having the structure4
S(t, r, y) =
1
πα′
∫
d2z[−∂t∂¯t+ ∂r∂¯r + (Gij +Bij)(t, r)∂yi∂¯yj]
− 1
8π
∫
d2z
√
γR(2)Φ′(t, r),
(1.3)
and identify the models in the class (1.1) which are related to (1.3) by performing a singular
coordinate transformation and a rescaling of α′
r = ǫ v + u , t = u , yi =
√
ǫ xi , α′ → ǫ α′ , ǫ→ 0 , (1.4)
(Gij +Bij
)
(u, u) = (gij + bij)(u) , Φ
′(u, u) = Φ(u) . (1.5)
Since the u, v-term in the resulting action (1.1) is boost-invariant, we can also introduce
a free parameter by rescaling u in gij, bij ,Φ. We can also make a translation of u by a
2 The exactness of this condition is easy to understand by noting that higher-order corrections
should depend on α′ while α′ in (1.1) can be given an arbitrary value by rescaling v and xi, i.e.
by a coordinate transformation. That implies, in particular, that the central charge of the model
should be equal to its free-theory value c = D = N + 2.
3 One can prove either by a direct computation [30] or by using a theorem in [31] that no
WZW model based on a non-simple group [20][32], other than the one based on Ec2 [20], or its
analytic continuations, can be constructed in four dimensions.
4 We are assuming that there are two commuting isometries (shifts of yi). A number of such
models are known (e.g. cosets of products of SL(2, IR) and SU(2), see e.g. [11][14][15][16]) and
we will mention them in the appropriate parts of the paper.
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constant in one of two arguments of G,B,Φ′. As discussed in Appendix A similar limiting
procedure can be applied to a more general class of σ-models (an example of such model
will be considered in Section 5).
If the background fields in (1.3) satisfy the string equations (which are covariant rela-
tions) the background fields in (1.1) obtained by the (singular) coordinate transformation
(1.4),(1.5) are guaranteed to satisfy the same equations, i.e. the conformal invariance con-
dition (1.2). Note that to get the exact expressions for g, b,Φ it is enough to start with
just the leading-order (one-loop) expressions for G,B,Φ′: α′-dependent terms in G,B,Φ′
present in the ‘conformal’ or ‘CFT’ scheme (the one in which the tachyon equation has
the standard Klein-Gordon form with no α′-corrections, see e.g. [33][34][35]) in any case
would drop out in the limit ǫ → 0 in (1.4). Let us mention also that the O(2, 2) duality
rotations of the models (1.3) (in the directions of the isometries yi) directly correspond to
the duality rotations of the models (1.1) [28].
Having identified a model (1.1) which originates from a model (1.3) we can now recon-
struct a (non-semi-simple) coset CFT which is behind (1.1) by taking the corresponding
limit in the (semi-simple) coset CFT corresponding to (1.3).5
The examples of D = 4 plane-wave backgrounds which admit an explicit coset CFT
interpretation will be given in Sections 2 and 3. All of them can be constructed either
directly (by various gaugings based on the Ec2 WZW model of [20]) or by using the above
limiting prescription. For simplicity, in some cases we shall start directly from an non-
semi-simple coset CFT and only mention the original model which gives it in the singular
limit, whereas in other cases we shall obtain the result via the limiting method and only
mention the underlying CFT.
5 The limit in (1.4) with r, t, y identified with coset coordinates implies the corresponding limit
in the coset current algebra construction (i.e. in the OPE’s or in the Lie algebra relations) and
vice versa. For the WZW models of [23] and the coset models of [25] such a relation has been
found in [25].
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In Section 4 we shall study a number of D ≤ 6 plane wave solutions in bosonic
string theory which have explicit coset CFT counterparts. Since ‘extra’ dimensions will
be compact and isometric the corresponding backgrounds can be given a Kaluza-Klein
interpretation as D ≤ 4 ‘plane wave with gauge field’ solutions. Some of these bosonic
backgrounds can be also identified with D ≤ 4 plane wave solutions in the heterotic string
theory. We shall discuss a number of examples of such heterotic string solutions which
are closely related to D = 4 black hole solutions (for a previous discussion of plane wave
solutions in the heterotic string theory see [1][7]). In many cases the prescription (1.4) can
be applied to obtain a plane wave solution from a ‘cosmological’ solution which is related
by analytic continuation to the part of a black hole solution inside the horizon. As an
example, we shall also consider a D = 4 bosonic plane wave related to a bosonic D = 4
‘charged black hole’ background (with non-trivial axionic and electric charges) based on
the coset [SU(2)⊗ SL(2, IR)⊗ U(1)]/[U(1)⊗ U(1)] [36] .
In Section 5 we shall present another D = 4 solution which also admits an exact CFT
description. It belongs to the general class of backgrounds with a covariantly constant
null Killing vector but is not a plane wave. It can be obtained by a non-abelian duality
transformation [29] (see also [37][38][39][25][40]) applied to the SU(2) WZW model and
a singular limit, or directly by the non-abelian duality transformation of the Ec2 WZW
model of [20].
Some concluding remarks will be made in Section 6. A generalisation of the limiting
procedure (1.4),(1.5) leading to backgrounds with a covariantly constant null Killing vector
will be given in Appendix A, where, as an example, we present a five dimensional plane
wave solution related to the Schwarzchild black hole. In Appendix B we shall discuss
a CFT description of a background which is dual to the flat D = 2 space and which
represents the ‘transverse’ part of the solution of Section 5. In Appendix C we shall show
that the charged black string model [41] can be interpreted as a D = 3 bosonic model
corresponding to the D = 2 charged black hole solution [42] of the heterotic theory. This
result will be used in Section 4.
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2. Simplest examples: D = 3 gauged WZW and D = 4 WZW models
2.1. D = 3 coset models
To illustrate the above limiting prescription (1.4) let us first consider the D = 3 back-
grounds (which form an obvious subset of D = 4 models with one ‘spectator’ dimension).
Let us start with the flat space model (1.3) in cylindrical coordinates
S(t, r, y) =
1
πα′
∫
d2z [ −∂t∂¯t+ ∂r∂¯r + r2∂y∂¯y ]− 1
8π
∫
d2z
√
γR(2)Φ0 . (2.1)
The singular boost (1.4) gives the following flat background (called ‘null orbifold’ in [43])
S(u, v, x) =
1
πα′
∫
d2z [ 2∂u∂¯v + u2∂x∂¯x ]− 1
8π
∫
d2z
√
γR(2)Φ0 . (2.2)
If we start with the leading-order dual to (2.1)
S(t, r, y) =
1
πα′
∫
d2z [ −∂t∂¯t+∂r∂¯r+ r−2∂y∂¯y ]− 1
8π
∫
d2z
√
γR(2)(Φ0+2 ln r) (2.3)
we get another (now curved) background in the class (1.1) which is the exact dual image
[28] of (2.2)
S(u, v, x) =
1
πα′
∫
d2z [ 2∂u∂¯v + u−2∂x∂¯x ]− 1
8π
∫
d2z
√
γR(2)(Φ0 + 2 lnu) . (2.4)
These models can be considered as limiting cases of the ‘neutral black string’ one. If we
start with the SL(2, IR)/U(1)⊗ IR model in a particular coordinate region
S(t, r, y) =
1
πα′
∫
d2z[−∂t∂¯t+ ∂r∂¯r + a−2 tanh2 ar ∂y∂¯y]
− 1
8π
∫
d2z
√
γR(2)(Φ0 + 2 ln cosh ar)
(2.5)
which in the formal limit a→ 0 reduces to (2.1) (note that the zero central charge condition
restricts the value of a: α′a2 = (26−D)/6) we find
S(u, v, x) =
1
πα′
∫
d2z [ 2∂u∂¯v + a−2 tanh2 au ∂x∂¯x ]
− 1
8π
∫
d2z
√
γR(2)(Φ0 + 2 ln cosh au) .
(2.6)
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Here a is a true free parameter (it can be absorbed into a rescaling of u, v and x). The
a→ 0 limit of this model is the ‘null orbifold’ (2.2).
Starting with the SL(2, IR)/U(1) ⊗ IR model in the dual to (2.5) region gives the
model dual to (2.6) with a−1 tanh→ a coth, cosh→ sinh (i.e. with au→ au+ iπ/2) which
includes (2.4) as the a → 0 limit. If instead of SL(2, IR) cosets we start with SU(2) ones
we find (2.6) with hyperbolic functions replaced by trigonometric ones, i.e. with a → ia.
The model (2.6) was obtained in [21] by direct gauging of the four-dimensional Ec2 WZW
model of [20].
We conclude that the D = 3 plane wave type models which have coset CFT interpre-
tation are represented by
S(u, v, x) =
1
πα′
∫
d2z [ 2∂u∂¯v + g(u)∂x∂¯x ]− 1
8π
∫
d2z
√
γR(2)[Φ0 + 2 ln f(u)] , (2.7)
where the functions g(u) and f(u) can take the following pairs of values
g(u) = 1 , u2 , tanh2 u , tan2 u , u−2 , coth2 u , cot2 u ,
f(u) = 1 , 1 , cosh u , cosu , u , sinhu , sinu .
(2.8)
The first two cases here correspond to flat spaces. The free parameter a can be re-
introduced by shifting u → au in (2.8). Applying the limiting procedure similar to (1.4)
directly to SL(2, IR) WZWmodel does not give a newD = 3 model: one finds a background
with a degenerate metric (i.e. effectively a two-dimensional space). This is consistent with
the absence of non-semi-simple D = 3 Lie algebras with a non-degenerate invariant bilinear
form [30][31].
2.2. D = 4 WZW models
Let us now turn to D = 4 models. It was shown in [22] that the first non-trivial
example [20] can be obtained by taking the singular limit (1.4) of the WZW action for
SU(2)k ⊗ IR. Indeed, if we parametrize the SU(2) group element as
g = ei
σ1
2
θL ei
σ3
2
φ ei
σ1
2
θR (2.9)
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and the translational factor IR in terms of the time-like coordinate t, then the WZW action
is given by (we omit the constant dilaton term)
S =
k
4π
∫
d2z
(−∂t∂¯t+ ∂φ∂¯φ+ ∂θL∂¯θL + ∂θR∂¯θR + 2 cosφ ∂θL∂¯θR) . (2.10)
This action has the same form as (1.3) with r = φ, yi = (θL, θR), α
′ = 4/k. After making
the redefinition (1.4),(1.5) and taking the limit ǫ→ 0 the action (2.10) becomes identical
to the action for the Ec2 WZW model [20] (α
′ = 2)
I0(g) =
1
2π
∫
d2z [ 2∂v∂¯u+ ∂x1∂¯x1 + ∂x2∂¯x2 + 2 cosu ∂x1∂¯x2 ] , (2.11)
which is a particular member of the class (1.1).
Similar model (related by analytic continuation v → −iv, u → iu) is obtained by
starting with the WZW action for SL(2, IR)k ⊗U(1) where the translational factor now is
space-like (coordinate r) and the role of time is played by the non-compact coordinate (iφ)
in the analog of (2.9) for SL(2, IR). We finish with (2.11) with cosu replaced by coshu,
and the corresponding symmetry group is P c2 (i.e. the extension of the Poincare´ group
in two dimensions). Now, however, there is an extra time-like direction in the (x1, x2)
plane so that this model is not interesting by itself (but it is useful as a starting point
for constructing cosets, see subsec. 3.1). Let us also note that (2.11) can be obtained by
starting with the SL(2, IR)−k ⊗ U(1) action in a particular patch (i.e. with (2.10) with
θL → iθL, θR → iθR and k → −k).
Other D = 4 models of the type (1.1) can be found by applying abelian O(2, 2) duality
rotations to the SU(2)k⊗ IR (or SL(2, IR)−k⊗U(1)) WZW model and taking the singular
limit (1.4). The resulting models will be duality rotations of (2.11). Since the abelian
duality transformations of a WZW model for a group G can be represented [44][45][46] as
(G ⊗ H)/H gauged WZW models we are guaranteed to have a CFT description for the
resulting backgrounds. Other non-trivial examples [28] are obtained by starting from the
O(2, 2) duals of SU(2) or SL(2, IR) WZW models equivalent to [SU(2) ⊗ U(1)]/U(1) or
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[SL(2, IR) ⊗ IR]/IR gauged WZW models (the latter is the charged black string model of
[41]). We shall discuss the CFT interpretation of the corresponding plane-wave solutions
explicitly in the next section.
We can also start with a product of two D = 2 cosets G/H ⊗ G′/H ′ (where G,G′ =
SL(2, IR) or SU(2) and H,H ′ = IR or U(1)) with signature (−+++), i.e. with the model
of the type (1.3). More general models correspond to its O(2, 2) dual versions (see, e.g.,
[11][16][15][47][48]), i.e. the ‘twisted’ gauged WZW models for (G ⊗ G′)/H ⊗ H ′. The
resulting models (1.1) will also be discussed in Section 3.
Finally, there is a possibility to first apply the non-abelian duality transformation
[29][38] to SU(2) or SL(2, IR) WZW models and then consider the limit analogous to (1.4)
(see Appendix A). The resulting model will have a covariantly constant null Killing vector
but will not belong to the class (1.1) and will be discussed in detail in Section 5.
3. D = 4 plane wave solutions corresponding to gauged WZW models
In this section we shall give explicit examples of four dimensional plane-wave type
solutions with a particular emphasis on their description in terms of CFT’s. All of them
will correspond to gauged WZW models based on non-semi-simple groups.
3.1. D = 4 plane-wave solution related to ‘black string’ background
Let start with the current algebra for the direct product theory SU(2)k⊗U(1)⊗U ′(1).
We will perform a contraction [23] with respect to the generator J3 ∈ su(2) and J ′0 ∈ u′(1)
and gauge the abelian symmetry generated by the linear combination J1 ∈ su(2) and
J0 ∈ u(1). The result of the contraction is the direct product of the the current algebra
for Ec2 [20] and a U(1) factor
JPi ∼ iǫijPj
z − w , PiPj ∼
iǫijF
z − w +
δij
(z − w)2 (i = 1, 2)
JF ∼ 1
(z − w)2 , P0P0 ∼
1
(z − w)2 .
(3.1)
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Let us consider now the coset theory [Ec2 ⊗ U(1)]/U(1) with the stress tensor given by
T =
1
2
: (P 2i + 2JF − F 2) : +
1
2
: P 20 : −
: (P1 + q0P0)
2 :
2(1 + q20)
, (3.2)
where the constant q0 parametrizes the embedding of H = U(1) into G = E
c
2 ⊗ U(1).
In order to find the σ-model corresponding to the above coset CFT we parametrize
the group element g ∈ G as
g = diag(g1, g2) , g1 = e
ix1P1eiuJeix2P1eivF ∈ Ec2 , g2 = eiφP0 ∈ U(1) . (3.3)
The action of the [Ec2 ⊗ U(1)]/U(1) gauged WZW model reads
S =I0(g1) +
1
π
∫
d2z [
1
2
∂φ∂¯φ+ iA (
√
q0 ∂¯φ+ ∂¯x1 + cosu ∂¯x2)
− iA¯ (√q0 ∂φ+ ∂x2 + cosu ∂x1) +AA¯ (1 + cosu+ 2q0) ] ,
(3.4)
where the action I0(g1) for the E
c
2 WZW model is given in (2.11). The gauge transforma-
tions that leave (3.4) invariant are
δx1 = δx2 = ν , δu = δv = 0 , δφ = 2
√
q0 ν , δA = i∂ν , δA¯ = −i∂¯ν . (3.5)
After fixing the gauge φ = 0, integrating over the gauge fields and changing the variables
x1 → 1
2
(
x1√
q0
+
x2√
1 + q0
) , x2 → 1
2
(
x1√
q0
− x2√
1 + q0
) (3.6)
we obtain the σ-model action (1.1) with the background fields given by (we rescale u →
2u, v → v/2)
ds2 = 2dvdu+
cos2 u
q0 + cos2 u
dx21 +
sin2 u
q0 + cos2 u
dx22
b12 =
√
q0(q0 + 1)
q0 + cos2 u
Φ = ln(q0 + cos
2 u) + const. .
(3.7)
For q0 = 0 the above solution reduces to the direct product of the coset model E
c
2/U(1)
of [21] and a free boson, or, equivalently, to a particular case of (2.7),(2.8) with an extra
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free dimension. The background (3.7) with q0 6= 0 can be found from the latter one by a
duality transformation.
The solution (3.7) can be also obtained by applying the limiting procedure of Section
1 to the direct product theory of the ‘Eucledian’ black string model [41] and a translation,
i.e. [SU(2)⊗ U(1)]/U(1)⊗ IR.
The analytic continuation u→ iu, v → −iv, x2 → ix2 and q0 → −q0 is changes Ec2 into
P c2 and the compact U(1) factors into the non-compact SO(1, 1) ones. The trigonometric
functions are then replaced by their hyperbolic counterparts and the background becomes
asymptotically (for large u) Minkowski with zero antisymmetric tensor and linear dilaton
(Φ depends only on u and thus does not contribute to the central charge).
A number of related solutions can be found by taking various limits of the parameters
in (3.7) and making analytic continuations. For example, the special limit of (3.7) : q0 =
−1− q2ǫ, u→ √ǫ u , x1 → i
√
ǫ x1, x2 → ix2 gives the following interesting solution
ds2 = 2dvdu+
1
u2 + q2
dx21 +
u2
u2 + q2
dx22
b12 =
q
u2 + q2
Φ = ln(u2 + q2) + const. .
(3.8)
It can be obtained by gauging other combinations of currents in the direct product Ec2 ⊗
U(1), or by applying a limiting procedure similar to (1.4) to the case of the direct product
of Ec2/U(1) model (see eq.(2.8) of [22]), and a translation IR, or by applying a duality
(combined with a coordinate) transformation to Minkowski space [22]. The direct product
models based on (2.7),(2.8) with g(u) = u2 or u−2 are special limits of this solution.
3.2. D = 4 plane-wave solutions related to twisted products of two D = 2 cosets
Let us start with the current algebra for the direct product SU(2)k ⊗ SL(2, IR)−k′ .
The OPE’s for the currents {I3, Ii} ∈ su(2)k (i = 1, 2) are
IiIj ∼ iǫijI3
z − w +
kδij
2(z − w)2 , I3Ii ∼
iǫijIj
z − w , I3I3 ∼
k
2(z − w)2 , (3.9)
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and for {J3, Ji} ∈ sl(2, IR)−k′ (i = 1, 2) are
JiJj ∼ iǫijJ3
z − w +
k′δij
2(z − w)2 , J3Ji ∼
−iǫijJj
z − w , J3J3 ∼
−k′
2(z − w)2 . (3.10)
The stress energy tensor of the direct product theory and the corersponding central charge
are
T =
: I2i + I
2
3 :
k + 2
+
: J2i − J23 :
k′ − 2 , c =
3k
k + 2
+
3k′
k′ − 2 . (3.11)
We shall do a contraction with respect to the generators I3 ∈ su(2) and J ′3 ∈ sl(2). We
define a new basis {I3, Ii, J3, Ji} → {J, F, Pαi }, (i, α = 1, 2) as
J = I3 + aJ3 , F = ǫ(I3 − aJ3) , P 1i =
√
2ǫ Ii , P
2
i =
√
2ǫ a Ji
k =
1
ǫ
, k′ =
1
a2ǫ
, a2 =
k
k′
,
(3.12)
where a is a free parameter. Then in the singular limit the OPE’s of the resulting six
dimensional current algebra (which will be denoted by su(2)c2) are
JPαi ∼
iǫijλαP
α
j
z − w , P
α
i P
β
j ∼
iδαβǫijλαF
z − w +
δαβδij
(z − w)2 , JF ∼
1
(z − w)2 , (3.13)
where λα = (1, a). The corresponding stress tensor and central charge are
T =
1
2
:
[
Pαi P
α
i + 2JF − (1 + a2)F 2
]
: , c = 6 . (3.14)
Let us note that, our contraction, though similar in spirit, differs from that of [23]. In
particular, notice the presence of the ‘contraction’ parameter a.6 To find the corresponding
σ-model we parametrize the group element as
g = eiP
α
1
xα
1 eiuJeix
α
2
Pα
1 eivF . (3.15)
6 In the case of a = 1 (‘diagonal’ contraction) the algebra (3.13) can be also obtained by
contracting the so(4) algebra as in [23] with respect to an so(2) subalgebra and neglecting one
free field (see [25], App.C). In the notation of [25] su(2)c2 ≃ so∗(4)cso(2).
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Then the WZW action reads7
I0(g) =
1
2π
∫
d2z [ 2∂v∂¯u+∂xα1 ∂¯x
α
1 +∂x
α
2 ∂¯x
α
2 +2 cosu ∂x
1
1∂¯x
1
2+2 cosu
′ ∂x21∂¯x
2
2 ] . (3.16)
To obtain a four-dimensional model we should gauge a two-dimensional subgroup. We
choose to gauge a symmetry that acts in a left-right asymmetric fashion [10] on the group
element, i.e. δg = iνα(t
α
l g − gtαr ), να = (ν1, ν2), where
t1l = P
1
1 + qP
2
1 , t
2
l = −qP 11 + P 21 ,
t1r = P
1
1 − qP 21 , t2r = qP 11 + P 21 ,
(3.17)
with q being a ‘twisting’ parameter. Then the gauged WZW action becomes (we suppress
the indices (α, β))
S =I0(g) +
1
π
∫
d2z[iA
(
m1(q)∂¯x1 +m2(q)∂¯x2
)
− iA¯(m2(−q)∂x1 +m1(−q)∂x2)+ AMA¯]
(3.18)
m1(q) =
(
1 q
−q 1
)
, m2(q) =
(
cosu q cosu′
−q cosu cosu′
)
M =
(
(cosu− 1)− q2(cosu′ + 1) q(cosu+ cosu′)
−q(cosu+ cosu′) (cosu′ − 1)− q2(cosu+ 1)
)
.
(3.19)
The gauge transformations that leave (3.19) invariant are
δx1 = −m1(−q)ν , δx2 = m1(q)ν , δu = δv = 0 , δA = −i∂ν , δA¯ = −i∂¯ν .
7 Throughout this paper we shall use the notation u′ = a u+ d, where a and d are constant
free parameters. This action is conformal for arbitrary values of a and d, being a solution of (1.2).
While the origin of a is clear from the current algebra (3.12) this is not so for the parameter d. In
fact, when d 6= 2pin, n ∈ Z the corresponding CFT is not the current algebra (3.13) for SU c2 . To
understand the origin of the free parameter d one should start with the eight dimensional WZW
action for the direct product Ec2⊗Ec2 and gauge the subgroup generated by F1+F2. Because this
subgroup is nilpotent there will be a constraint condition to be solved (besides the usual gauge
fixing). Its most general solution will contain a parameter related to d.
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Fixing the gauge as xα2 = 0 and integrating out the gauge fields gives (we change the
coordinates xα1 → m1(q)xα1 , rename xα1 → xα and rescale u→ 2u, v → v/2)
ds2 = 2dvdu + ∆−1 (cos2 u sin2 u′ dx21 + cos
2 u′ sin2 u dx22)
b12 = q ∆
−1 cos2 u cos2 u′ , Φ = ln∆ + const.
∆ ≡ sin2 u sin2 u′ + q2 cos2 u cos2 u′ , u′ ≡ au+ d .
(3.20)
Notice that for zero twisting q = 0 (3.20) corresponds to a plane wave which can be
obtained from to the direct product SU(2)/U(1) ⊗ SL(2, IR)/IR [14] by performing the
singular coordinate transformation (1.4),(1.5). The solution (3.20) can be obtained from
that direct product model by performing a one-parameter O(2, 2) duality transformation,
or by ‘boosting’ according to (1.4) the backgrounds of [11][15][47][16]. Note that the
solution (3.7) can be obtained from (3.20) after we rescale xi →
√
2(q2 − 1) xi, set d = π/4,
q0 = 1/(q
2 − 1) and take the limit a→ 0.
The background (3.20) and its various analytic continuations and limits can be rep-
resented also in the following general form
ds2 = 2dudv +
g1(u
′)
g1(u′)g2(u) + q2
dx21 +
g2(u)
g1(u)g2(u′) + q2
dx22
b12 =
q
g1(u′)g2(u) + q2
Φ = ln
(
f21 (u
′)f22 (u)[g1(u
′)g2(u) + q
2]
)
+ const. ,
(3.21)
where the functions gi, fi can take any pairs of values in (2.8) ((3.21) is related by (1.4)
to a similar background in [47]). In particular, the solution (3.7) is a special case of (3.21)
with g1 = 1, g2 = tan
2 u. Also, (3.8) is a special case of (3.21) with g1 = 1, g2 = u
2, i.e.
the background (3.8) is actually dual to the flat space.
4. Bosonic and heterotic plane wave solutions with abelian gauge fields
In this section we shall consider a number of D ≤ 6 plane wave solutions in bosonic
string theory which have explicit coset CFT counterparts. If ‘extra’ dimensions are com-
pact and represent isometric directions the corresponding backgrounds can be given a
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Kaluza-Klein interpretation as D ≤ 4 plane waves with extra gauge fields. Some of these
solutions can be also identified with D ≤ 4 plane wave solutions in the heterotic string the-
ory. Since the special heterotic plane wave backgrounds we shall find below will be related
to the exact bosonic plane wave solutions, they will represent the exact (all order in α′)
solutions of the heterotic string theory. In addition to the obvious (1, 1) supersymmetric
versions of the solutions of the previous sections we shall find non-trivial ‘asymmetric’
solutions with (1, 0) world sheet supersymmetry.
4.1. General remarks
As in Sections 2,3 one can construct bosonic plane wave solutions by starting with the
known G/H gauged WZW models and applying the limiting procedure (1.4),(1.5). If one
is interested in the dimensions of the resulting σ-model configuration space being D = 5, 6
(with one time-like direction) a few simplest choices for G/H are again products of cosets
of SL(2, IR), SU(2) and U(1)’s and various ‘twisted’ gaugings (duality rotations), e.g., for
D = 5 : SL(2, IR)/U(1) ⊗ SU(2) , [SL(2, IR) ⊗ SU(2) ⊗ U(1)]/[U(1) ⊗ U(1)] , ... ,
and for D = 6 : SL(2, IR)⊗ SU(2) , [SL(2, IR) ⊗ SU(2)⊗ U(1)]/U(1) , [SL(2, IR) ⊗
SU(2) ⊗ U(1) ⊗ U(1)]/[U(1) ⊗ U(1)] , ... . The conformal σ-models obtained from such
gauged WZW models can be represented as
S =
1
πα′
∫
d2z[
(
Gµν +Bµν
)
(x)∂xµ∂¯xν +Anµ(x)∂xµ∂¯Zn + A¯nµ(x)∂¯xµ∂Zn
+Gmn(x)∂Z
m∂¯Zn ]− 1
8π
∫
d2z
√
γR(2)Φ(x) ,
(4.1)
i.e. in the form of an action of a bosonic string propagating inD = 4+r space-time (xµ, Zm)
(µ, ν = 0, 1, 2, 3, m,n = 1, ..., r) with Gµn =
1
2(Anµ + A¯nµ) and Bµn = 12(Anµ − A¯nµ).
Since the background fields do not depend on the coordinates Zn one may interpret such
a model in a Kaluza-Klein manner as a D = 4 background with non-trivial gauge (and
scalar) fields. One can represent (4.1) in the form which is invariant under the the space-
time gauge transformations of An(+)µ , A(−)nµ (see below) if one also shifts Zn and makes the
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‘anomalous’ transformations of Bµν
S =
1
πα′
∫
d2z[
(
G(4)µν +Bµν
)
(x)∂xµ∂¯xν + ZnFnµν(x)∂xµ∂¯xν
+Gnm(x)(∂Z
n +An(+)µ (x)∂xµ)(∂¯Zm +Am(+)µ (x)∂¯xµ)]
− 1
8π
∫
d2z
√
γR(2)Φ(x),
(4.2)
where
A(±)nµ ≡
1
2
(Anµ ± A¯nµ) , Am(+)µ ≡ GmnA(+)nµ , Fnµν ≡ ∂µA(−)nν − ∂νA(−)nµ
and
G(4)µν = Gµν −GmnA(+)mµA(+)nν (4.3)
is the gauge-invariant D = 4 ‘Kaluza-Klein’ metric.
One can also try to interpret (4.1) (e.g., with A¯µ = 0) as a bosonic part of the
heterotic string action coupled to Anµ with Zn being now chiral scalars representing the
‘right’ internal sector of the heterotic string (see, e.g., [49][48]). In this case, however, it is
not a priori clear why the full action (with the additional ‘left’ fermionic terms implied by
(1,0) supersymmetry) should also be conformally invariant, i.e. should represent a solution
of the heterotic string theory.
In general, there are several ways to construct heterotic string solutions related to
gauged WZW models. One can start with a bosonic coset, consider it formally as a
solution of the superstring theory (conformal (1,1) supersymmetric model) and embed this
superstring solution into the (1,1) supersymmetric subset of solutions of the heterotic string
theory by adding the gauge field background equal to the (generalised) Lorentz connection
(see [50] and refs. there). In this way one cancels the 2d gauge anomaly which otherwise
makes direct (1,0) supersymmetric version of G/H gauged WZW model inconsistent [50]
(for a discussion of a potential unitarity problem and some earlier refs. see also [51]).
In particular, to construct the heterotic string analog of the SL(2, IR)/U(1) ‘black hole’
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solution [9] of the bosonic string theory one needs to add a U(1) gauge field background
[50]
ds2 = dr2 + a−2 tanh2 ar dy2 , Φ = Φ0 + ln cosh
2 ar , Ay = − 1
cosh2 ar
. (4.4)
This solution can be related to the ‘charged D = 2 black hole’ (or ‘neutral black string’)
solution of [52] (the bosonised form of the heterotic string action can be identified with
the model (4.1) where D = 3, r = 1, Gmn = 1 and A¯µ = −Aµ so that the Kaluza-Klein
redefinition of the metric (4.3) is trivial, cf. (C.1) with q = 0).
For example, the bosonic plane wave solutions of Sects. 2,3 are obviously also the
solutions of the superstring theory and as such can be embedded into the set of solutions
of the heterotic string theory by supplementing them with gauge field backgrounds equal
to the values of the Lorentz connection.
Another possibility is to consider directly the (1,0) supersymmetric extension of the
group G WZW theory or, more generally, of the chiral gauged G/H WZW theory [53]
(with the dimension of the configuration space being still equal to dim G and thus the 2d
anomaly being harmless).8 One can also construct ‘heterotic cosets’ by starting with the
(1,0) supersymmetric version of anomalously gauged (1,0) supersymmetric WZW model
and adding internal ‘right’ fermions in order to cancel the total 2d gauge anomaly [54].
Once bosonised, the total heterotic string action should be equivalent to a particular
bosonic anomaly-free gauged WZW model [55][54].9
8 The G/H chiral gauged WZWmodel with an abelian subgroup H is equivalent to a particular
(G ⊗ H)/H gauged WZW model, or to a particular duality rotation of G WZW model [53].
Analogous relation is probably true also in the case of a non-abelian H.
9 The bosonic version of the action of ‘S2 plus monopole’ solution of [55] can thus be essentially
identified [55][54] with the action of SU(2) WZW model (the original suggestion to reinterpret a
group G WZW action as a sigma model on G/H with an H- gauge field background was made
in [56], see also [57]). For other examples see [54][58]. In particular, the bosonic action of the
[SL(2, IR)⊗ SU(2)]/[U(1)⊗ U(1)] heterotic model of [54] can be also considered as the action of
a
[
SL(2, IR)⊗ SU(2)⊗ U(1)⊗ U(1)
]
/[U(1)⊗ U(1)] bosonic gauged WZW model.
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Thus in order to interpret a particular bosonic G/H coset as representing a heterotic
string solution one should be able to identify the corresponding sigma model (4.1) with
the full bosonised action of the heterotic string in a given background [55][54] (for some
related earlier refs. see [59]). Namely, (4.2) should be equivalent to a bosonised version of
a special case of the heterotic string action [60]
S =
1
πα′
∫
d2z
[(
G(4)µν +Bµν
)
(x)∂xµ∂¯xν + iψa[δ
a
b ∂¯ + ω
a
bµ(x)∂¯x
µ]ψb
+ iΨI [δ
I
J∂ +AIJµ(x)∂xµ]ΨJ + FIJab(x)ΨJΨIψaψb
]
.
(4.5)
The D = 4 heterotic string background is then given by G
(4)
µν , Bµν , Anµ and Φ. Note that
the scalar background Gmn(x) (which is present in the corresponding bosonic Kaluza-Klein
solution) is absent in the heterotic action; it appears only after (4.5) is bosonised and put
in the form of (4.1) (see also [54]).
4.2. Heterotic string plane wave solutions
Let us start with D = 3 examples, first reviewing how one can represent the SU(2)
WZW action in the form (4.1), i.e. as a σ-model on S2 with a U(1) monopole coupling
(see [56][55][54]). Using the parametrisation (2.9) one finds (cf. (4.1),(4.3))
S =
k
4π
∫
d2z
(
∂φ∂¯φ+ ∂θL∂¯θL + ∂θR∂¯θR + 2 cosφ ∂θL∂¯θR
)
=
k
π
∫
d2z
(
∂φ′∂¯φ′ + sin2 φ′∂ϕ∂¯ϕ+ ∂Z ′∂¯Z ′ − 2 sin2 φ′ ∂ϕ∂¯Z ′)
=
k
4π
∫
d2z
[
∂φ∂¯φ+ (sin2 φ+
1
4
AϕAϕ)∂ϕ∂¯ϕ+ ∂Z∂¯Z +Aϕ∂ϕ∂¯Z
]
(4.6)
where φ = 2φ′ , ϕ = θL , Z = 2Z
′ = θL + θR and
ds2 = dφ2 + sin2 φ dx2 , Φ = Φ0 , Ax = 2(cosφ− 1) . (4.7)
We are now able to interpret the Ec2 WZW model (2.11) of [20] as a D = 3 heterotic
string plane wave solution with a vector field.10 In fact, adding an extra time direction t
10 Since the internal coordinate should be periodic one should also factorize over a discrete
subgroup, as in [55]. The same remark holds for all models in this section.
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as in (2.10) and combining it with φ according to (1.4) we get another equivalent repre-
sentation for (2.11) (cf. (4.1),(4.3))
S =
k
4π
∫
d2z
[
2∂v∂¯u+ (sin2 u+
1
4
AxAx)∂x∂¯x+ ∂Y ∂¯Y +Ax(u)∂x∂¯Y
]
, (4.8)
i.e. the following D = 3 background
ds2 = 2dvdu + sin2 u dx2 , Φ = Φ0 , Ax = 2(cosu− 1) . (4.9)
Analytic continuation gives related solution with sin→ − sinh, cos→ cosh (which is found
directly if one replaces the monopole model (4.6) by the D = 2 anti de Sitter one obtained
from SL(2, IR) WZW theory [61]). We also get a D = 3 heterotic plane wave solution by
‘boosting’ (cf. (2.5),(2.6)) the product of the D = 2 black hole solution (4.4) with a time
line.
Another D = 3 plane wave solution is obtained by starting with the D = 2 ‘charged
black hole’ heterotic string solution (the solution (4.4) is related to a special case of this
background) [42]
ds2 = f−1dr2 − fdy2 , f = 1− 2me−Qr + p2e−2Qr , (4.10)
Φ = Φ0 +Qr , Ay = −
√
2p e−Qr .
It can be given a world sheet interpretation in terms of the D = 3 bosonic conformal
σ-model (4.1) by starting with the action of the D = 3 charged black string ([SL(2, IR) ⊗
U(1)]/U(1) coset) model [41] or by constructing SL(2, IR) ‘heterotic’ cosets [54] (related
background with a non-constant scalar field can be interpreted a D = 2 bosonic Kaluza-
Klein background [61]). Considering the region between the horizons and singularity one
can represent (4.10) as a cosmological solution [62]
ds2 = −dt2 + g(t) dx2 , g(t) = cosh
2bt sinh2bt
(cosh2bt+ γ sinh2bt)2
, (4.11)
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Φ(t) = Φ′0 + ln(cosh
2bt+ γ sinh2bt) , Ax(t) = −
√−2γ
(γ + 1) (cosh2bt+ γ sinh2bt)
,
where x = i(1+ γ)y, Q = −2ib, p2/m2 = −4γ/(1− γ)2. Taking special limits and making
analytic continuations one can relate (4.11) to the two other D = 2 heterotic solutions
(4.4) and (4.7) discussed above. The background (4.4) is reproduced when p = 0, Q =√
2/γ, b = ia and γ → 0 (comparing (4.11) with (4.4) one needs to take into account a
rescaling of the gauge potential due to a rescaling of coordinates). Another limit γ → −1
leads to the solution related to (4.7) by t→ iφ (assuming one absorbs an infinite constant
in the gauge potential into a gauge transformation and rescales k in (4.6)). This relation is
explained in Appendix C where we show that the D = 3 model representing the bosonised
form of the heterotic solution (4.11) is equivalent to the D = 3 charged black string [41]
or [SL(2, IR)⊗ U(1)]/U(1) gauged WZW model.
Adding a spatial direction to (4.11) and applying (1.4) we finish with the D = 3
heterotic plane wave
ds2 = 2dvdu+ g(u) dx2 , Φ = Φ(u) , Ax = Ax(u) , (4.12)
which includes (4.9) as a particular case. Given the relation of Appendix C between (4.11)
and the charged black string background one can also relate the corresponding plane wave
solutions (4.12) and (3.7) in a similar way (namely, (3.7) is the D = 4 bosonic background
which is the bosonized version of the D = 3 heterotic solution (4.12)).
We can now constructD = 4 heterotic plane waves by starting with the direct products
ofD = 2 heterotic solutions (4.4),(4.7),(4.11). Since, as was noted above, (4.11) is the most
general solution, we get the most general ‘direct product’D = 4 model by tensoring the two
models (4.11). In view of the result of the Appendix C the corresponding D = 6 bosonic
model is equivalent (up to analytic continuations) to the product of [SL(2, IR)⊗U(1)]/U(1)
and [SU(2) ⊗ U(1)]/U(1) models with different values of ‘mixing’ parameters γ1, γ2 and
levels k′, k (or parameters b′, b). The plane wave solution obtained after applying (1.4)
to such product will be (cf. (3.21))
ds2 = 2dvdu+ g1(u
′) dx21 + g2(u) dx
2
2 , Φ = Φ1(u
′) + Φ2(u) , (4.13)
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A1 = Ax(u′) , A1 = Ax(u) , u′ = au+ d , a2 = k/k′ ,
where the functions g,Φ,Ax are the same as in (4.11) with bt→ u, γ → γi.
Let us consider explicitly some particular cases of (4.13). For example, a ‘throat’ limit
of the D = 4 black hole solution of [63] is described by the product of the D = 2 black hole
(4.4) and the monopole theory (4.6) [55] (note that the gauge field background in (4.4) can
be ignored in the leading order approximation since it can be considered as being higher
order in α′ but is essential in order to have an exact heterotic string solution [50]). The
resulting background (equivalent to the D = 6 bosonic plane wave solution obtained from
the coset [SL(2, IR)−k′ ⊗ U(1)]/U(1)⊗ SU(2)k, i.e. from the direct product of the model
of [52] and SU(2) WZW model) can be represented as a D = 4 heterotic plane wave (cf.
(3.20),(3.21),(4.13))
ds2 = 2dvdu + tanh2 u′ dx21 + sin
2 u dx22 , Φ = Φ0 + ln cosh
2 u′
A1 = − 1
cosh2 u′
, A2 = 2(cosu− 1) .
(4.14)
The D = 6 bosonic plane wave (with the action S′ is equivalent to (3.16)) which one
obtains from the SL(2, IR)−k′ ⊗ SU(2)k WZW model
S =
k′
4π
∫
d2z
[−∂φ∂¯φ+ ∂θL∂¯θL + ∂θR∂¯θR + 2 cosφ ∂θL∂¯θR)
+ a2(∂φ′∂¯φ′ + ∂θ′L∂¯θ
′
L + ∂θ
′
R∂¯θ
′
R + 2 cosφ
′ ∂θ′L∂¯θ
′
R)
]
,
(4.15)
S′ =
1
πα′
∫
d2z
[
2∂v∂¯u+ ∂x1∂¯x1 + ∂x2∂¯x2 + ∂x3∂¯x3 + ∂x4∂¯x4
+ 2 cosu′ ∂x1∂¯x2 + 2 cosu ∂x3∂¯x4] ,
(4.16)
corresponds to the following D = 4 heterotic string solution
ds2 = 2dvdu + sin2 u′ dx21 + sin
2 u dx22 , Φ = Φ0
A1 = 2(cosu′ − 1) , A2 = 2(cosu− 1) .
(4.17)
This background can be also related (by analytic continuation and boost) to the Bertotti-
Robinson solution of [61], i.e. to the direct product of the ‘anti de Sitter’ and ‘monopole’
D = 2 solutions.
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Another special case of (4.13) is obtained by starting with the direct product of (4.10)
and (4.6) (which is related to the bosonic solution describing a ‘throat’ limit of the elec-
trically charged D = 4 black hole of [61]). The resulting background is an obvious super-
position of (4.9) and (4.12).
It is also possible to go beyond the direct product models (4.13). One can, in
fact, construct various conformal D = 6 bosonic cosets by applying the O(4, 4) dual-
ity rotations to (4.15),(4.16) (cf. (3.21)). It is not clear a priori which of them can
be re-interpreted as D = 4 heterotic string solutions (duality may not ‘commute’ with
bosonisation/fermionisation). An example of a non-direct-product model where this is
possible was given in [54]. It is straightforward to write down a plane wave back-
ground which is related by (1.4) to the D = 4 ‘dyonic black hole’ heterotic string so-
lution of [54]. Equivalent D = 6 bosonic plane wave is obtained from a particular
[
SL(2, IR)⊗ SU(2)⊗ U(1)⊗ U(1)]/[U(1)⊗ U(1)] bosonic gauged WZW model.
4.3. A D = 4 bosonic plane wave background with U(1) gauge field
As an example of a less trivial bosonic model which is not just a direct product of
lower dimensional ones let us consider the plane wave analog of the bosonic ‘charged black
hole’ solution of [36] based on the bosonic
[
SL(2, IR)−k ⊗ SU(2)k′ ⊗ U(1)
]
/[U(1)⊗U(1)]
gauged WZW model. The corresponding σ-model is given by (4.1) with D = 5 (i.e. r = 1),
Gmn = 1, Aµ 6= 0, and A¯µ = 0. It can be interpreted in a Kaluza-Klein manner as aD = 4
bosonic background with an extra gauge field. Note that the Kaluza-Klein redefinition of
the metric (4.3) here is non-trivial (this redefinition was ignored in [36] so the analysis of
properties of the resulting D = 4 background is to be reconsidered). In contrast to the
bosonic backgrounds of the previous subsection this background does not at the same time
represent a D = 4 solution of the heterotic string theory.
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The non-vanishing D = 4 components of the (unredefined) metric Gµν , antisymmetric
tensor, dilaton and vector potential in (4.1) are11
ds2 = −sinh
2 ρ (1 +Q2 sin2 θ)
cosh2 ρ+Q2 sin2 θ
dt2 + a2dρ2 + dθ2 +
cosh2 ρ sin2 θ
cosh2 ρ+Q2 sin2 θ
dφ2
= −(r − 1)(1 +Q
2 sin2 θ)
r +Q2 sin2 θ
dt2 +
a2dr2
4r(r − 1) + dθ
2 +
r sin2 θ
r +Q2 sin2 θ
dφ2
Btφ = Q
(r − 1) sin2 θ
r +Q2 sin2 θ
, Φ = ln(r +Q2 sin2 θ) + const.
At = 2Q
√
Q2 + 1
(r − 1) sin2 θ
r +Q2 sin2 θ
, Aφ = −2
√
Q2 + 1
r sin2 θ
r +Q2 sin2 θ
,
(4.18)
where a2 = k/k′ and r ≡ cosh2 ρ > 1. The proper gauge-invariant D = 4 metric G(4)µν is
given by (4.3). The Q = 0 limit of the model is equivalent to the direct product of the
D = 2 black hole and ‘S2 plus monopole’ model (4.6) and thus is the same as the limiting
case of the D = 4 black solution of [63]. The absence of an extra gauge field component
(cf. (4.4)) implies that (4.18) is not an exact solution of the heterotic string theory.
If we formally set (cf. (1.4), (1.5))12
ρ = iu , θ = ǫa−1v+au+d , t = −√ǫ x1 , φ =
√
ǫ x2 , Z →
√
ǫ Z , α′ → ǫ α′ , (4.19)
and take the limit ǫ→ 0 we obtain the following plane wave background with Q, a and d
as free parameters (u′ ≡ au+ d)
ds2 = 2dvdu+
sin2 u (1 +Q2 sin2 u′)
cos2 u+Q2 sin2 u′
dx21 +
cos2 u sin2 u′
cos2 u+Q2 sin2 u′
dx22
b12 = Q
sin2 u sin2 u′
cos2 u+Q2 sin2 u′
, Φ = ln(cos2 u+Q2 sin2 u′) + const.
A1 = 2Q
√
Q2 + 1
sin2 u sin2 u′
cos2 u+Q2 sin2 u′
, A2 = −2
√
Q2 + 1
cos2 u sin2 u′
cos2 u+Q2 sin2 u′
.
(4.20)
11 We make a particular choice of possible free parameters with Q being a real number (related
to the electric and axionic charges [36]). We correct two erroneous coefficients (in front of Btφ
and Aφ) in the final expressions of [36] .
12 As in the case of all other black-hole type backgrounds to obtain a plane wave we actually
consider the region below the horizon, i.e. we first make the analytic continuation ρ→ iρ. In this
case (4.18) takes the form of a cosmological metric: t becomes space-like and ρ plays the role of
a time coordinate.
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Similar backgrounds are obtained by analytic continuations in Q, a, d and the coordinates.
It is straightforward to write down explicitly the resulting world-sheet action (4.1) as a
sigma model (1.1) corresponding to a D = 5 plane-wave solution and to check that the
all-order conformal invariance condition (1.2) is satisfied. The CFT description of this
solution is based on the coset
[
SU(2)c2⊗U(1)
]
/[U(1)⊗U(1)] which has c = 5, cf. Sect.3.2.
Computing the D = 4 metric G
(4)
µν (4.3) of this bosonic ‘plane wave with a gauge field’
background we get
(ds2)(4) = 2dvdu+
sin2 u[cos2 u(1 +Q4 sin4 u′) +Q2 sin2 u′(1 + cos2 u− sin2 u sin2 u′)]
(cos2 u+Q2 sin2 u′)2
dx21
+
cos2 u sin2 u′(cos2 u cos2 u′ +Q2 sin2 u sin2 u′)
(cos2 u+Q2 sin2 u′)2
dx22
+2Q(Q2 + 1)
sin2 u cos2 u sin4 u′
(cos2 u+Q2 sin2 u′)2
dx1dx2 .
5. Solution with a covariantly constant null Killing vector: non-abelian dual
of Ec2 WZW model
Let us consider the non-abelian duality transformation on the WZW action for Ec2
(2.11) with respect to the group Ec2 itself. We start with the action [29]
Sdual =I0(g) +
1
π
∫
d2z Tr
[
A∂¯gg−1 − A¯g−1∂g + AgA¯g−1 − AA¯
− 2iλ(∂A¯− ∂¯A− [A, A¯])] ,
(5.1)
where the group element g ∈ Ec2 is parametrized as in (3.3). In the Ec2- Lie algebra
basis {Pi, J, F} the Lagrange multipliers and the gauge fields are λ = {λi, λ3, λ4}, A =
{Ai, A3, A4}. From the infinitesimal gauge transformations δg = [g, iν], δλ = [λ, iν], where
ν = {νi, ν3, ν4} one finds
δx1 + δx2 = tan
u
2
[2ν2 + (x2 − x1) ν3] , δx1 − δx2 = −2ν1 + (x1 + x2) cot u
2
ν3
δv = −(x1 + x2) ν2 + x1(x1 + x2 cosu) ν3 , δu = 0
δλi = ǫij(λ3νj − ν3λj) , δλ3 = 0 , δλ4 = −ǫijλiνj .
(5.2)
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The corresponding transformations for the gauge fields are
δAi = −i∂νi + ǫij(A3νj − ν3Aj) , δA3 = −i∂ν3 , δA4 = −i∂ν4 − ǫijAiνj , (5.3)
and similarly for A¯. A convenient gauge choice is x1 = x2 = λ2 = 0.
13 In this gauge the
action (5.1) takes the following explicit form (we shift λ4 → λ4 + v)
S =
1
π
∫
d2z [ ∂v∂¯u− iA1∂¯λ1 − iA3∂¯λ4 + iA4(∂¯u− ∂¯λ3) + iA¯1∂λ1 + iA¯3∂λ4
− iA¯4(∂u− ∂λ3) +
(−2 sin2 u
2
δij + (sinu− λ3) ǫij
)
AiA¯j − λ1(A2A¯3 −A3A¯2) ] .
(5.4)
After integrating over the gauge fields14 we obtain a σ-model action with the following
couplings (we introduce new coordinates x1, x2 with x1 = λ1 and x2 = −λ4)
ds2 = 2dvdu+
1
x21 sin
2 u
2
[ 4 sin4
u
2
dx22 +
(
x1dx1 + (sinu− u− d) dx2
)2
]
Φ = ln(x21 sin
2 u
2
) + const. , Bµν = 0 .
(5.5)
This solution, though not a plane wave, belongs to a general class of backgrounds with a
covariantly constant null Killing vector [65][5]. While the abelian duality transformations
do not lead us out of the class (1.1) of plane wave backgrounds [28] this is no longer true for
the non-abelian duality. The solution (5.5) can be also obtained by applying the limiting
procedure of Appendix A to the direct product of the time line and the background of the
non-abelian dual to the SU(2) WZW action (see eqs. (6.10),(6.11) of [38]).
By construction, (5.5) must satisfy the one-loop conformal invariance condition but is
not an exact solution to all orders in the α′- expansion in the standard ‘conformal’ scheme.
13 This choice introduces a non-trivial Faddeev-Popov factor ∼ λ1 tan u2 in the path integral
measure. It can be verified using the appropriate expressions below that when this factor is
combined with the measure of the original WZW model (in our case this is the Haar measure
∼ sinu) it gives eΦ√−G, as expected [64][10].
14 Note that the fields A4, A¯4 appear in (5.4) only linearly, imposing the δ-function condition
λ3 = u + d, where d = const.. This should have been expected since we could have gauge fixed
only three parameters even though the gauge group Ec2 is a four dimensional one (notice that λ3
is inert under the gauge transformation (5.2)).
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The condition of conformal invariance of a background with a covariantly constant null
Killing vector and v-independent dilaton is that the ‘transverse’ parts of its fields (obtained
by setting u = const.) should also represent a conformal theory, i.e. should satisfy the
conformal invariance equations to all orders [5]. In the present case (5.5) (a, b = const.)
ds2⊥ =
1
x21
[4a2dx22 +
1
a2
(x1dx1 + b dx2)
2] , Φ⊥ = lnx
2
1 + const. . (5.6)
By a shift x2 → c1 x2 + c2 x21 and rescaling of x1 (5.6) can be put into the form
ds2⊥ = dx
2
1 +
1
x21
dx22 , Φ⊥ = lnx
2
1 + const. , (5.7)
which is one-loop conformally invariant, being dual to the flat D = 2 Eucledian space.15
However, it receives α′-corrections in the standard ‘conformal’ scheme (in which there are
α′-corrections the SL(2, IR)/U(1) Euclidean D = 2 black hole background. As for the
D = 2 black hole (and for the D = 3 black string and, most probably, for all gauged WZW
models) [66][35] there exists a special scheme in which the leading-order solution (5.7) (and
thus also (5.5)) is actually the exact solution to all orders in α′.
The CFT description of (5.5) is based on the coset Gcg/G with G = E
c
2.
16 The presence
of the α′-corrections to the non-abelian dual (5.5) in the standard ‘conformal’ scheme is
consistent with the coset description [25] and is not in conflict with the result of [28] (which
only states that the ⁀abelian O(d, d) duality transformations performed on exact plane wave
solutions (1.1),(1.2) give exact solutions belonging to the same class (1.1)).
15 The general solution of the one-loop conformal invariance equations in two dimensions in the
conformal gauge ds2 = Ω−1dzdz¯, Φ = lnΩ has Ω = Azz¯ + Bz + Cz¯ +D. The equation for the
central charge gives c = 2 + δc, with δc ∼ A. If A 6= 0 then shifting the coordinates z, z¯ we can
set the constants B and C equal to zero. This solution is described by the SU(2)/U(1) CFT. If
we demand that δc = 0 then by a change of coordinates we obtain (5.7). The CFT description
of (5.7) is given by the coset Ec2/[IR ⊗ U(1)] [22]. The all-order solution that corresponds to a
correlated limit taken in the exact background for the coset SU(2)/U(1) [33] can be found in [22]
(see also Appendix B).
16 More generally, according to [25] the non-abelian duality transformations of the WZW action
for a group G ⊗ U(1)dim(G/H) are equivalent to gauged WZW models Gch/H where by Gch we
denoted the non-semi-simple group obtained by contracting the direct product group G ⊗ H as
in [23], and where we gauge the diagonal subgroup.
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6. Concluding remarks
In this paper we have presented a number of D = 4 plane-wave-type bosonic and
heterotic string solutions which admit explicit coset CFT description, thus supplementing
the previously discussed D = 4 example [20]. The knowledge of underlying CFT is very
important in order to study the properties of these backgrounds (see [21]). For example,
the conformal algebra fixes the form of the equations for the string modes. We find, for
example, that the tachyonic equation does not receive α′ corrections in the standard ‘CFT’
scheme.17 For the plane wave backgrounds (1.1) the Klein-Gordon-type equation
− 1
eΦ
√−G ∂µ
(
eΦ
√−G Gµν ∂ν
)
Ψ(x) = EΨ(x) , (6.1)
can be solved explicitly (see also [67][3][68])
Ψp,ki(u, v, x
i) = C
(
eΦ
√
g
)−1/2
e
1
2
ipv eikixi e
i
p
[Eu−
∫
dugij(u)kikj ] . (6.2)
Let us mention also that it is possible to find explicitly the bosonisation rules and free
field description for all of our examples since they all are related in one way or another to
cosets of SU(2)k. The bosonisation rules for E
c
2 (see [21]) can be very easily derived from
the known ones for SU(2)k ⊗ IR (however, a relation of the corresponding representation
theories is unclear).
Note added
While this paper was in preparation there appeared an interesting preprint [69] where
some D = 4 bosonic plane-wave type backgrounds with a covariantly constant null Killing
vector were given a CFT interpretation in terms of the coset model (Ec2 ⊗ Ec2)/Ec2. From
the point of view of the present paper such solutions should correspond to a limit (similar
17 In general, the tachyon equation on a plane-wave background may contain α′ corrections
since the argument that a rescaling of α′ in (1.1) is equivalent to a rescaling of xi does not apply
once an x-dependent tachyon coupling T (x) is added to the action.
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to (1.4)) of the backgrounds related to the coset [SU(2)⊗SU(2)⊗ IR2]/[SU(2)⊗ IR]. The
bosonic solutions of our Section 3 are different from the solutions of [69]. At the same time,
our solution (5.5) can be obtained from eq.(5.10) of [69] by taking the limit, κ = 1 + ǫ,
ǫ→ 0 and rescaling the coordinates. This could be expected in view of the general result of
[25] about a relation between non-abelian duals and singular limits of some special cosets
(see footnote 16).
Appendix A. Limiting procedure for a general class of σ-models
The discussion of a limiting procedure (1.4) in Section 1 can be repeated for a more
general class of σ-models with the aim to obtain other backgrounds with a covariantly
constant null Killing vector. Consider the σ-model action
S =
1
πα′
∫
d2z [
(
Gij +Bij
)
(φ, y) ∂yi∂¯yj +
(
Gab +Bab
)
(φ, y) ∂φa∂¯φb
+ Aia(φ, y) ∂y
i∂¯φa +Bai(φ, y) ∂φ
a∂¯yi ]− 1
8π
∫
d2z
√
γR(2)Φ(φ, y) ,
(A.1)
where we split D coordinates into two sets φa (a = 1, 2) and yi (i = 1, ..., N) and make
the coordinate transformation {φa, yi} → {u, v, xi}
φ1 = ǫ v + u , φ2 = u , yi = f i(ǫ; x) , α′ → ǫ α′ . (A.2)
The set of functions {f i(ǫ; x)} must be chosen in such a way that the limit ǫ → 0 is well
defined and the new action corresponds to a string background with a covariantly constant
null Killing vector
S =
1
πα′
∫
d2z [ 2∂v∂¯u+ (gij + bij)(u, x) ∂x
i∂¯xj + ai(u, x) ∂x
i∂¯u
+ bi(u, x) ∂u∂¯x
i ] − 1
8π
∫
d2z
√
γR(2)Φ(u, x) .
(A.3)
If the original action (A.1) is exactly conformal to all orders in α′ then the resulting one
(A.3) will be exactly conformal as well. However, if the original action represents a leading
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order solution, then the fact that in the limit ǫ → 0 we have α′ → 0 does not necessarily
imply that the resulting action will correspond to an exact solution to all orders in α′ (note,
in particular, that the inverse transformation to (A.2) is not defined in the limit ǫ → 0).
Still, this is the case when the resulting background fields depend only on the light cone
variable u and not on xi. Since the central charge of the original model (A.1) is given by
a power series in α′ the central charge of the new model (A.3) will be c = D = N + 2, i.e.
will be equal to the number of degrees of freedom. Such cases were considered in Sections
2,3,4. The background from Section 5 which explicitly depends on xi is an example of a
leading-order solution.
We can apply this procedure to other leading-order solutions with an idea to get
exact plane-wave solutions or leading-order solutions with covariantly constant null Killing
vector.18 Consider, for example, the following class of metrics
α′ds2 = −f(r)dt2 + h(r)dr2 +Gij(r, t, y)dyidyj (A.4)
and change the coordinate r → z to put (A.4) in the form
α′ds2 = F (z)(−dt2 + dz2) +G′ij(z, t, y)dyidyj . (A.5)
If we now set z = ǫv + u , t = u, rescale α′ by ǫ, assume that there exists an appropriate
redefinition of yi (see (A.2)) and take the limit ǫ→ 0 we finish with (α′ = 1)
ds2 = 2F (u)dudv + gij(u, x)dx
idxj , (A.6)
or a background with a null Killing vector (further redefinition of u puts it in the standard
form).
Similar procedure can be applied to various black-hole type solutions (cf. (4.10),
(4.11), (4.12)). In the case of the D = 4 Schwarzchild black hole it gives the rather trivial
(flat) background
ds2 = 2dudv + u2(dx21 + dx
2
2)
18 A different singular coordinate transformation procedure for generating new string solutions
from known ones was discussed in [70].
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which is an obvious solution of (1.2) and a special case of (3.21) (with q = 0 and gi, fi
corresponding to the second flat case in (2.8)). A Less trivial example is found if we start
with the five-dimensional solution that is the direct product of the D = 4 Schwarzchild
black hole with an additional space-like direction y
α′ds2 = −(1− m
r
) dt2 + (1− m
r
)−1dr2 + r2(dθ2 + sin2 θ dφ2) + dy2 . (A.7)
Replacing r by a new coordinate z defined by (we consider the region inside the horizon)
z = −m(ψ + 1
2
sin 2ψ) , r ≡ m cos2 ψ, we then set
α′ → ǫα′ , z = −ǫv + u , y = u ,
t =
√
ǫ x1 , θ =
√
ǫ ρ , x2 = mρ cosφ , x3 = mρ sinφ ,
take the limit ǫ → 0 (cf. (A.2)), and define ψ(u) as a solution of u = −m(ψ + 1
2
sin 2ψ).
The result is the following D = 5 plane-wave background (which of course is a solution of
(1.2))
ds2 = 2dvdu+ tan2 ψ(u) dx21 + cos
4 ψ(u) (dx22 + dx
2
3) . (A.8)
Appendix B. Coset CFT description of background dual to D = 2 flat space-
time
Let us consider the SL(2, IR)−k/SO(1, 1) current algebra theory and perform the
Ino¨nu¨-Wigner-type contraction: J± → P±/
√
ǫ, J0 → F/ǫ and k → k/ǫ. The resulting
OPE’s, stress tensor and central charge are
P+P− ∼ F
z − w +
k
(z − w)2 , FP± ∼ 0 , FF ∼ 0
T =
1
2k
: (P+P− + P−P+ − 1
k
F 2) : , c = 2 .
(B.1)
The constant k can be rescaled by redefining the current algebra generators but it is useful
to keep it (note that we cannot drop the F 2 term in the stress tensor since it is needed
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for the closure of the Virasoro algebra). The only current that has a regular OPE with
the stress tensor is F (in the original coset this was the property of J0). We can find the
σ-model corresponding to the stress tensor in (B.1) using the algebraic operator method
[33][34]. Representing the zero modes of the currents as first order differential operators
P+ = −1
a
(x1 + x2)
∂
∂x1
− ∂
∂a
, P− = a
∂
∂x2
, F =
∂
∂x1
− ∂
∂x2
, (B.2)
and restricting [34] the L0 (‘Klein-Gordon’) operator to states satisfying
∂
∂a
Ψ = 0 we
obtain the following D = 2 metric and dilaton
ds2 =
1
(x1 + x2)(x1 + x2 − 2/k)
[−1
k
(dx21 + dx
2
2) + 2(x1 + x2 − 1/k) dx1dx2
]
Φ =
1
2
ln
[
(x1 + x2)(x1 + x2 − 2/k)
]
+ const. .
(B.3)
One can diagonalize the metric in the region x1 + x2 < 0 (changing the coordinates
x1 = −14 t2 + 12x , x2 = −14 t2 − 12x )
ds2 = −dt2 + 1
t2 + 4/k
dx2 , Φ =
1
2
ln[t2(t2 + 4/k)
]
+ const. . (B.4)
This metric has a cosmological interpretation of a Universe that starts from a collapsed
state at t = −∞, expands and reaches its maximum size at t = 0 and then recollapses at
t = ∞ (see also [71][72][73]). As long as k is finite, there is no curvature singularity at
t = 0. This is reminiscent of the analogous situation for the 2D black hole [34][74]. In
the region where x1 + x2 > 0 we analytically continue t → iρ and rename x → t. Then
a curvature singularity appears at ρ =
√
4/k. This corresponds to a naked singularity
region of the D = 2 black hole. For k → ∞ the analytically continued version of (B.4)
coincides with (5.7). The background (B.4) is thus dual to the D = 2 flat space-time with
a constant dilaton.
Appendix C. Relation between D = 3 bosonic charged black string background
and D = 2 heterotic charged black hole solution
We would like to identify the D = 3 σ-model corresponding to the [SL(2, IR)⊗ IR]/IR
gauged WZW model (charged black string model [41]) with the bosonised form (see Section
4.1 and [55][54]) of the heterotic string action in the charged black hole background [42].
Namely, the aim will be to represent the former model in the ‘Kaluza-Klein’ form (4.1),(4.2)
and to identify the metric, gauge potential and dilaton of (4.11) with the corresponding
couplings in (4.2),(4.3).
The action of the [SL(2, IR) ⊗ IR]/IR (axially) gauged WZW model [41] can be rep-
resented in the form (see, e.g., [35]; we use the Euler angle coordinates on SL(2, IR),
θ = 12 (θL − θR), θ˜ = 12(θL + θR) and fix the gauge where the extra IR-field is zero)
S(r, θ, θ˜) =
k
π
∫
d2z[Gµν∂x
µ∂¯xν +Bθθ˜(∂θ∂¯θ˜ − ∂θ˜∂¯θ)] , (C.1)
ds2 = Gµνdx
µdxν =
1
4
dr2 + (1 + q)
C − 1
C + 1 + 2q
dθ2 − q C + 1
C + 1 + 2q
dθ˜2 , (C.2)
Bθθ˜ =
q(C − 1)
C + 1 + 2q
, Φ = Φ0 + ln(C + 1 + 2q) , C ≡ cosh r , (C.3)
where q is a free parameter. Changing the coordinates to r, θ, Z
θ → θ + q
q + 1
Z , θ˜ → Z , (C.4)
we can re-write the action (C.1) as (4.1) where xµ = (r, θ) and
Gθθ = (1 + q)
C − 1
C + 1 + 2q
, GZZ = − q
q + 1
,
Aθ = q
q + 1
Gθθ +Bθθ˜ =
2q(C − 1)
C + 1 + 2q
, A¯θ = q
q + 1
Gθθ −Bθθ˜ = 0 . (C.5)
Shifting Bθθ˜ by a constant leads to a constant shift of the gauge potentials. Computing
the gauge-invariant D = 2 ‘Kaluza-Klein’ metric (4.3) we find
G
(2)
θθ = Gθθ −
1
4
G−1ZZA2θ =
(q + 1)2(C2 − 1)
(C + 1 + 2q)2
, (C.6)
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i.e. the following D = 2 background
ds2 =
1
4
dr2 +
(q + 1)2(cosh2 r − 1)
(cosh r + 1 + 2q)2
dθ2 , Φ = Φ0 + ln(cosh r + 1 + 2q) ,
Aθ = 2q(C − 1)
C + 1 + 2q
= 2q − 4q(q + 1)
C + 1 + 2q
, (C.7)
which becomes equivalent to the analytic continuation of (4.10) or (4.11) with γ = −q/(q+
1) after we drop a constant in the gauge potential and rescale the coordinates (a similar
to (C.7) form of (4.10) appeared in [54]). The background (C.7) was also obtained in
[54] by a ‘heterotic’ gauging of SL(2, IR). The above discussion implies that the model
of [54] when viewed as a specific conformal bosonic model is actually equivalent to the
[SL(2, IR)⊗ IR]/IR gauged WZW model.
The model (C.1)–(C.3) has two obvious limits: q = 0 (neutral black string or
SL(2, IR)/IR⊗IR gauged WZW model) and q =∞ (SL(2, IR) WZW model). This explains
the observation in Sect.4.2 that the corresponding limits γ = 0 and γ = −1 of the D = 2
background (4.11) are equivalent to the exact (1, 1) supersymmetric heterotic black hole
solution (4.4) (which, from the bosonised D = 3 point of view is related to the model of
[52] or, after change of coordinates, to the neutral black string) and the monopole model
(4.7) (related to SU(2) WZW theory).
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